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THE STABILITY OF THE EQUILIBRIUM
OF REVERSIBLE SYSTEMS

BIN LIU

ABSTRACT. In this paper, we consider the system
i =a@®)y?™ ! + fi(z,y,t), §=—-bB)z"! + fo(x,y, 1),

where m,n € Z4, m+n > 1, a(t) and b(t) are continuous, even and 1-periodic
in the time variable ¢; fi and f2 are real analytic in a neighbourhood of the
origin (0,0) of (z,y)-plane and continuous 1-periodic in t. We also assume
that the above system is reversible with respect to the involution G: (z,y) —
(—z,y). A sufficient and necessary condition for the stability in the Liapunov
sense of the equilibrium (z,y) = (0, 0) is given.

1. INTRODUCTION
In this paper, we are concerned with the stability in the Liapunov sense of the
equilibrium (z,y) = (0,0) for the system
(1.1) &= Fi(z,y,t), y=F(z,y,t)

where F; and F are continuous and 1-periodic functions in the time ¢ and F3 (0,0, ¢)
= F5(0,0,t) = 0. Since Liapunov’s times, many authors have studied this problem.
The linearization of (1.1) around the origin is of the form

(1.2) & =an(t)r+an(t)y, §=>0bu(t)r+b(t)y.
If the system (1.2) can be written into the form
(1.3) z2=JA(t)z,

where z = col.(z,y) and J = ({ ') is the standard symplectic matrix, i.e., (1.2)

is a linear Hamiltonian system. Then, it is well known that the stability of the
equilibrium (0,0) of (1.2) is closely related to the position in the plane of the
Floquet multipliers A1, A2. When A; € St, Aj # £1, i.e., in the elliptic case, the
equilibrium is strongly stable in the sense of Krein; when \; ¢ S!, that is, in the
hyperbolic case, it is unstable. Some criteria for stability can be found in [1] and
[4]. For example, when A(t) = ( ° C(Ot)), that is, the system (1.2) is the classical
Hill’s equation, the equilibrium is stable under the following condition:

1
mine(t) > 0, / c(t)dt < 4.
0
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In 1994, the stability of the equilibrium of the nonlinear equation
(1.4) F+et)r+alt)®™ T 4. =0,

was studied by R. Ortega in [7]. Using the Moser twist theorem, he proved that
the trivial solution x = 0 is stable if

(i) the equilibrium of the equation (1.2) is stable;

(ii) a(t) > 0 or a(t) < 0.

Recently, in [3] we obtained a sufficient and necessary condition for the following
equation:

(1.5) &+ a(t)x® T +e(t,x) =0, n>1,

where a(t), e(t, z) are continuous and 1-periodic functions in ¢, e(t, z) is smooth in
x and |e(t,7)| = O(|z|>*"2) in a neighborhood of 2 = 0. The result is:

If fol a(t)dt # 0, then the trivial solution x = 0 of the equation (1.5) is stable if
and only if fol a(t)dt > 0.

Remark. In contrast to Ortega’s result, in [3] we do not need the stability of the
trivial solution of the corresponding linearization of the equation (1.5). In fact,
the corresponding linearization equation of (1.5) is & = 0. Obviously, its trivial
solution = = 0 is unstable.

In this paper, we are concerned with the stability in the Liapunov sense of the
trivial solution (x,y) = (0,0) of the differential equations

&= a(t)y®™ " + fi(z,y,1),
y = _b(t)z2n+1 + .fQ(xvyv t)v

where m, n € Zy,m +n > 1, a(t) and b(t) are continuous, even and 1-periodic
functions in the time variable t; fi; and fo are real analytic in a neighbourhood of
the origin (0,0) of (z,y)-plane and continuous 1-periodic in t. We also assume that
the above system is reversible with respect to the involution G: (x,y) — (—z,y).
The definition of reversible systems can be found in the appendix.

From the fact that the system of (1.6) is reversible with respect to G, it follows
that

(1.6)

fl (—1’, Y, _t) = fl (il', Y, t)7
f2(_$7 Y, _t) = _fQ(ZEa Y, t)
Assume that g(z,y,t) is a real analytic function in a neighbourhood of the origin

(0,0) of (x,y)-plane, that is, its Taylor series

(18) g(z,y,t) = Z glj(t)xzyja kvl S Z+7
i>k,j>1

(1.7)

converges in this neighbourhood.

Definition. Assume g is a real analytic in a neighbourhood of the origin (0,0) of

(z,y)-plane and its Taylor series is given in (1.8). We say the function g satisfies

the property P(m,n) if the following inequality
Em+1)+1in+1)>max{(2n+1)(m+1),2m+1)(n+ 1)}

holds.

Remark. If m = n = 0 and the function g(z,y) satisfies the property P(0,0), then
9=0(*+y?).
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In this paper, we will prove the following theorem.

Theorem 1. Assume that fol a(t)dt - fol b(t)dt # 0 and f1, fo satisfy the property
P(m,n). Then the following statements are equivalent:

(1) The trivial solution (z,y) = (0,0) of the equation (1.6) is stable;

(2) [} a(t)dt - [, b(t)dt > 0.

Moreover, if fol a(t)dt - fol b(t)dt > 0 there is at least two subharmonic solutions

of (1.6) with minimal period k for every sufficiently large k € N in a neighborhood
of the equilibrium of (1.6).

Remark. If m = 1,n = 0, then the linearized equation of (1.6) is of the form
=0, y=-b(t).

The equilibrium (z,y) = (0,0) of this system is unstable. From our results, the
trivial solution of the whole system (1.6) is stable if fol a(t)dt - fol b(t)dt > 0.

The rest of this paper is organized in the following way. In §2 we introduce
the action-angle variables and prove the stability of the trivial solution (x,y) =
(0,0) of the equation (1.6) when fol a(t)dt - fol b(t)dt > 0. In §3, we prove that if
fol a(t)dt - fol b(t)dt < 0, then the trivial solution (z,y) = (0,0) of (1.6) is unstable.
Some definitions and properties for reversible systems are listed in the appendix.

In what follows, to say that a solution of a differential equation or a fixed point of
a homeomorphism is stable in the sense of Liapunov will mean that it is Liapunov
stable in the future and also in the past. If it is not stable it will be called unstable.

2. ACTION-ANGLE VARIABLES AND THE PROOF OF THE STABILITY

In this section, based on the theory of stability of fixed points of mappings in
the plane, we prove that, under the condition

/0 a(t)dt /0 bty > 0,

in every small neighborhood of the trivial solution (x(t),y(t)) = (0,0), there are
invariant curves of Poincaré mapping of (1.6). These curves are around the origin
(0,0) in the (z,y)-plane which yield the stability of the trivial solution (z,y) =
(0,0).

Without loss of generality, we assume that

1 1
/ a(t)dt > 0, / b(t)dt > 0.
0 0
Let ¢; = [, a(t)dt > 0, ¢ = [, b(t)dt > 0. Then

a(t) =c + al(t), b(t) =co+ by (t)

and

/01 a1 (£)dt = 0, /01 by (t)dt = 0.

Moreover, a;(t) and by (t) are even in t.
Furthermore, we assume that ¢; = ¢o = 1. Hence,

a(t) =14 a1(t), b(t) =14 bi(t).
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Remark. If ¢; < 0 and ¢co < 0, then, let 7 = —¢, we obtain that

de m

d_ = a’(T)yQ 1 + gl(za va)v
T

d ~

d_y = _b(T)$2n+1 + 92(177 Y, T)v
T

2
=
)
=
@
—
Q>
—~
N
~—
S
—~
N
~—
=
|

—(a(—t),b(—t)). This system is also reversible with respect to
G: (z,y) — (—z,y) and

1 1
/ a(t)dr >0, / b(t)dr > 0.
0 0
If (¢1,c2) # (1,1), we can introduce the variables (u,v) by

U=m5r, vV=72Y.

Choose the positive constants 1,2 such that

2m—+1 2n+1
T2 -01:71 -02:1.
st 72

Under this transformation, the system (1.6) is transformed into the form
0= c()v*™ T 4 p(u,v,t), ©=—dt)u* T+ q(u,v,t).

where fol c(t)dt = fol d(t)dt = 1.
Now, we consider the auxiliary system

(2.1) i =yt g =

The system (2.1) is a Hamiltonian system

Oh oh
2.2 P = = 2
(2.2) L 9
with the Hamiltonian
1 1
2. h _ L, 2mt2 . 2n+2.
(2:3) (@,y) 2m + 2 Y +2n+2 .

Clearly, h > 0 on R? except at the only equilibrium (x,y) = (0,0) where h = 0.

Let (S(t), C(t)) be the solution of the system (2.1) satisfying the initial condition:
(5(0),C(0)) = (0,1). This solution is a periodic solution. Let Ty be its minimal
period. We have

! 1
0<Ty —4‘/0 [%-:1(1_52“14_2)]321; ds < 400
and the analytic functions S(¢) and C(t) satisty

(i) (S(=1),C(=t)) = (=5(1),C(t)) and (S(t +To), C(t + To)) = (S(t), C(1))-

(il) 555" 2 (1) + 57z CP P2 () = 555, VE € R.
(iii) £S5 =2+l L0 = _gantl,
Suppose that (u(t),v(t)) is a solution of (2.1) with the initial condition:

(u(0),v(0)) = (0,7).

Then, we have
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2mn+m-+n

where K = > 0. Hence, all the solutions of (2.1) are periodic, and the

2m—+2

periods tending to zero as h = hg = 2ml+2 -y tends to infinity.

In the following, we introduce an action-angle variable (p,6). Define a transfor-
mation ®: Rt x S! — R2, (p,0) — (z,9):

(2.4) $:x=dSpS(0Ty), y=dipPC(0Ty),
where o = mﬁiiz,ﬁ =1—-a = mi';i_Q and d; = (21711)-;% Hence, we have

(n+1Da = (m+1)p.
One can easily verify that the transformation ® is a symplectic mapping. In
fact,

\Ziﬁ % ‘ = |aTod ™7 p* 071 S22 (OTy) + fTody 7 po 07 O R (0T
_ ; 2m—+2 2n+2
= e [Toda - (n+ CP2(0T)) + (m + 1) (0T )|

=1

Under this transformation, the system (2.1) is transformed into the simpler form

s _% - 6 = % _ C,pz(m+1)5_1
a0 ’ 8p )
where ho(p, 0,t) = D p2mADB and ¢ = d?(m-ﬁ-l)ﬁ . 8.

The system (1.6) is transformed into the form
p= hl(pa 0, t) + hQ(pv 0, t)a

(25) 6 =c-pCm N 4 g1(p,0,1) + g2(p, 6, 1),
where
hi(p, 0,t) = TodP" )0 pmE0B g (1) §2nH1C2mHL _ () g2t C2meLy,
26) ha(p,0,t) = Tod? pP S L f1 + Tod$ p*C*mH1 £y,
91(p, 0,) = dPm T8 p@EmA6-1 (00, (£) S22 (0T} + By () C* 2 (0Ty)),
92(p, 0,t) = —ad'p* ' S(0To) f2 + B p° ' C(OTo) fr.
with f; = fi(d$p™S(0Tp), dSpPC(0Tp),t), i = 1,2.

From the equality (1.7) and the properties of the functions S and C, it follows
that

hi(p,—0,—t) = —hi(p,0,t),
h ’ 97 —t)=-h 795t )
gl(p’ 97 t)—g1(p,9,t),
g2(p, —0,—t) = g2(p, 0,1t).

Hence, the transformed system (2.5) is also reversible with respect to the involution
G: (p,0) — (/1), 9)-
Because [ a1(t fo b1 (t)dt = 0, we have

(2.8) /0 g91(p,0,t)dt = 0.

We introduce a space of functions, denoted by F(r), which behave for 0 < A < Ag,
with all their derivatives, like A"p(9).
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Definition 2.1. For a given constant 7 € R, f(),0) € F(r) if f € C®°(RT x S1)
and, for all nonnegative integers j and I, we have

sup  (MTT(D3)(Dp) F (A 0)]) < oo,
0<A<A 1,0€81
where A;; is some positive constant.

We give some basic properties of the space F(r).

Lemma 2.1. The following conclusions hold:
(i) if 1 <o, then F(r2) C F(r1);
(i) if f € F(r), then (D})f € F(r —j);
(i) if f1 € F(r1) and fo € F(ra), then f1- fo € F(r1 +12);
(iv) if f € F(r) satisfying |f(X, )] = coX” for 0 < X < Ao, then 1f € F(—r).

Remark. The space F(r) defined here is similar to the space F(r) introduced by
R. Dieckerhoff and E. Zehnder in [2].

Proof. Proofs of (i), (ii) and (iii) are immediate from the definition.
We now show (iv). Because f € F(r), so f € C°(R* x 8'). Let g = 7. Then
A9l < o
Inductively, assuming that the estimates
sup  NTT|D)g| < oo, andj<n—1
A<Ag,0€S!

hold, we will prove the estimate for j =n > 1.
Since f-g =1, then DY(f - g) =0 for n > 1; that is,

f-Dyg+ Y. @Dif-Dig=0,
i+j=n,i>1
where ¢; are positive constants, i and j are nonnegative integers. It follows that
[f[-IDgl <C > |IDif]- D3l
i+j=n,i>1

Then

X" |DRg| < > IDifI-|IDigl.

i+j=n,i>1

slal

Hence, we have

AR < & 3T XTTIDES XD,
€0 o>t
which together with the estimates M1 - | D g| < oo (for j < n — 1) yields
AT DRgl < oo,
ie.,

sup A" DYg| < oo.
A<Ao,0€S!

Hence, g € F(—r). O
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From the equalities in (2.6) and the assumptions of our theorem, it follows that
and hy = o(p*"0), gy = o(p>mFTHITL),

Now, we define a transformation ¥: (p,0) — (X, ¢) as follows
(2.10) A=p, ¢=0+f(p,0,1),

where the function f(p,0,t) will be determined later. Under this transformation,
the system (2.5) is transformed into another reversible system with respect to

G1: (A, 0) = (X, —9).

A=hi(\.1),
(2.11) \ =) 6,1)
b =c- \@mt2)8-1 a1\ 1),
where
}All()\’d)’t) = hl(pvovt) + h2(ﬂ,9,t),
S 0
212)  G106,1) = g1(p,0,1) + g2(p, 0, ) + 8_{
9 )
+ 8_£ - (h1 + ho) + 8—{; (d- p(2m+2)/6—1 g1+ go).

Because fol g1(p,0,t)dt = 0, we can define the function f:

F(p,0,1) = —/0 01(p,0,5)ds € F((2m +2)8 — 1).

From (2.7), we have

f(p7 _97 - ) = _f(paeut)
Because (2m + 2)5 — 1 = z’fnﬁ"—n’i‘g” > %, the transformation ¥ has an inverse

D: (N p) — (N, —¢). D exists if A > 0 small. Moreover, the transformation ® can
be written into the form

D:p=X\ O=¢+1r(\ 0ot

where 7 = O(|A|?™+2)8=1) This transformation is a diffeomorphism on the cylin-
der

Axy = {0\ @)X > o > 0, A small, ¢ € S'},

and a homeomorphism on {(\, ¢)|A > 0, X small, ¢ € S'}.
Now, we prove that

T(Av —Qs, _t) = _T()\a ¢a t)
In fact, from the equality ® o ¥ = ¥ o & = id, it follows that
r(A, ¢, 1) + f(A ¢ +7(A ¢,1),t) =0.

Hence,

|T(>‘a _¢7 _t) + 7"(/\, ¢7 t)| = |f(>" _¢ + T(Av _¢7 _t)7 _t) + f(>‘a ¢ + 7"(/\, ¢7 t)’ t)|
= |f(>‘7 ¢ - T(A7 _¢7 _t)vt) - f()‘7 ¢ + T(A7 ¢7 t)7t)‘

0
8_5‘ (N, =, —t) + (N, &, )]

< sup
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From f € F((2m +2)3 — 1), it follows that
T()‘a _¢7 _t) = —7’()\7 ¢7 t)a

provided that A is sufficiently small.
By Lemma A.1, the system (2.11) is reversible with respect to Gj.
Let & = ¢- A®m+2)8=1 p — ¢ Then, (2.11) is transformed into

(213) szl(ganvt)a 77:§+H2(§7775t)7

where Hi(&,1,t) = o(£2) and Ha(€,7m,t) = o(€). This system is also reversible to
Go: (1) — (€, ).

One verifies easily that the solutions of (2.13) do exist for 0 < ¢ < 2 if the initial
value A\(0) = A is sufficiently small.

We are now in a position to prove the stability of the equilibrium (z,y) = (0,0)
of (1.6).

Proposition 2.1. Suppose that fol a(t)dt - fol b(t)dt > 0. Then, the trivial solution
(z,y) = (0,0) of (1.6) is stable in the sense of Liapunov. Moreover, there is at least
two subharmonic solutions of (1.6) with minimal period k for every sufficiently large
k € N in a neighborhood of the equilibrium of (1.6).

In order to prove this proposition. The following celebrated Moser’s twist theo-
rem for reversible mappings is to be used.

Lemma 2.2 (Invariant curves of reversible mappings). Consider a mapping
ri=r+¢e%f(r,0,¢),
(2.14) M.: ( )U
01 =0+¢ePy(r)+e%g(r,0,¢),

where 0 < p<o,0<0<1,1<r<2. Suppose that M. is reversible with respect
to A: (r,0) — (r,—0) and +'(r) # 0. The functions f and g are assumed to be
sufficiently often differentiable and 1-periodic in 0. Then, for sufficiently small €
there exists an invariant curve I' surrounding r = 1. More precisely, given any
number w € (a+ ePy(1), a + ePv(2)) satisfying the inequalities

o= 2|z el
q

for all integers p and q # 0, there exists a differentiable closed curve I’
T:F(¢7E)7 9:¢+G(¢75)

with F' and G of period 1 in ¢, which is invariant under the mapping M. and A
provided € is sufficiently small. The image point of a point on I' is obtained by
replacing ¢ by ¢ + w.

The proof of this lemma can be found in [6] and [8].

Proof of Proposition 2.1. First, we show that the trivial solution (z,y) = (0,0) of
(1.6) is stable.

From a classical result in the theory of fixed point of mappings in the plane, in
order to prove the trivial solution (z,y) = (0,0) is stable, it is enough to prove that
there are invariant curves of the Poincaré mapping of the equation (1.6) in every
small neighborhood of the solution (x,y) = (0,0). This is equivalent to prove that
there exist invariant curves of the Poincaré mapping of (2.11) for £ < 1.
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From the equation (2.11), one verifies easily that the solutions do exist for 0 <
t < 2, if the initial value A(0) = A is sufficiently small. Moreover, we can prove that
the Poincaré mapping IT of (2.11) is of the form

A1 = A+ o(|A|GmH20),
H.

(2.15) :
¢1 — ¢+ C~)\(2m+2)ﬁ_l +O(|)\|(2m+2)ﬁ).

Replacing A by er (1 <r < 2), the Poincaré mapping II is replaced by

r =1+ o(e?MTD-L)

(2.16) M: b1 = b4 eCMEDB=T L GmEDB-1 | o (GmA2)5-1y

Because the equation (1.6) is reversible and the transformations ® and ¥ are in-
variant, the Poincaré mapping II is reversible. From Lemma 2.2, it follows that
there is an invariant curve I'c, under the mapping M, surrounding r = 1 if ¢ is
sufficiently small. This means that the Poincaré mapping II of the system (2.11)
has an invariant curve fa surrounding A = € and in the annulus ¢ < A < 2¢, which
implies the stability of the trivial solution (z,y) = (0,0) of the equation (1.6).

We next prove the existence of subharmonic solutions.

Consider the annulus A bounded by two invariant curves of II with rotation
numbers wi < ws. We map this annulus A onto another annulus

Ao ={(§,n))0<n<1,£mod1}.

If ¥; are the embeddings of the invariant curves having rotation numbers w;, we
define the map x: Ag — A by

X+ (Ta 9) = (771/)1(5) + (1 - 77)1/)2(5)75)

From Lemma 2.2, the embeddings 1; are differentiably close to the injections of
the circles w; = const., it follows that x is a diffeomorphism. The induced map
J:=x"tolIloy, expressed by

Jié-]_:f(é-,n); 771:9(5777)7

satisfies f(£ 4+ 1,m) = f(&,n) and g(§€ + 1,1) = g(£,n). It leaves the boundaries
n =0 and n = 1 invariant and

fE0)=E&+w2, [f(&1)=E+wr

Define the map 7: Ag — A by 7(§,7) = (£ + 1,7n). To find periodic points of
minimal period ¢ of J, for sufficiently large ¢, we let ¢o = m For ¢ > qo,
choose an integer p € (qwi,qws) such that p and ¢ are relatively prime. The
mapping J; := 77?0 J9 on Ay, expressed by

']q: 51 = fq(fﬂ])v m = gq(fﬂ?)a

satisfies

fa(61) =& =—p+qui <0< —p+quws = fi(§,0) - &

From Theorem 5.1 in [8], we conclude that J,; possesses at least two fixed points
in Ag. Every such point corresponds to a periodic point of J, hence of II, with
minimal period ¢q. The proof of this proposition is complete. O
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3. THE INSTABILITY OF THE EQUILIBRIUM OF (1.6)

In this section, we prove that if fol a(t)dt fol b(t)dt < 0, then the trivial solution
(z,y) = (0,0) of (1.6) is unstable. Similar to the discussions in the above section,
without loss of generality, we assume that

a(t)=14a1(t), b(t) =—-14b1(t),

where fol ai(t)dt = fol bi(t)dt = 0. The equation (1.6) can be written into the
following reversible system:

T = y2m+l +a; (t)y2m+l + fl (CE, Y, t)u
(3.1) <241 2n+1
y=x bl(t)z +f2($7y7t)7
where m,n € Z,, m+n > 1.
We shall prove the following proposition.
Proposition 3.1. Suppose that
a(t) =1+ a1(t), bt)=—-140bi(t),

where fol ai(t)dt = fol bi(t)dt = 0 and a1(t),b1(t) are even in t. Then the equilib-
rium point (0,0) of (1.6) is unstable.

In order to prove this proposition, we first define a transformation ®: Rt xS' —
R?, (p,0) = (z,y):

(3.2) ®:x=dp*SOTy), y=dpPC(OTy),

where the constants «, 8, d1, Ty and functions S, C' are defined in §2.
Under the transformation ®, the system (3.1) is transformed into the form

o= Clp(2m+2)652n+1(eTO)CZm-i-l(GTO) + p(2m+2)ﬁh1 (9, t) + hg(p, 6‘, t),

3.3 .
B3 Cap TR g(9) 4 pCPm TN (0,1) + ga(p, 0, ),
where
h1(6‘, t) = 0352n+1 (9T0)C2m+1 (HTO)(al (t) — bl (t)),
ha(p,0,t) = cap® S*"THOT) f1 + c5p* C T (OTy) fo,
n+1 2n+2
= T

g1 (6‘, t) = CGS2n+2 (9T0)b1 (t) + C7C’2m+2 (HTO)al (t),
92(p, 0,t) = csp TC(0T0) f1 + cop™ 1 S(0Tp) fo,

with f; = fi(d§$p*S(0T0), dfpﬁC(HTo),t), 1 =1,2;¢1,c9,...,co are constants and
c1,co0 > 0.
The system (3.3) is reversible with respect to G: (p,0) — (p, —6).

Lemma 3.1. There is a transformation ¥1: (p,0) — (p,d). Under this transfor-
mation, the system (3.3) is transformed into the form

p = c1pEmTABGIAL (T CPM A (¢T ) + pPmTDBE (¢, 1) + Ea(p, 6. 1),

3.5 R
B0 ap®m 1 g(4) b (o o8),
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where

51 ((bv t) = hl ((bv t)u
&(p, ¢, 1) = crp® T[S OT) P (0T)) — P (¢To) C2H (¢T0)]
+ p(2m+2)ﬁ[h1 (97 t) - hl (¢7 t)] + h2(p7 97 t)7
m(p, 6, 1) = cop® 21 g(0) — g()] + g2(p, 0, 1),

with 0 = 0(p, ¢, t). Moreover, the transformed system (3.5) is also reversible with
respect to Gy: (p,¢) — (p, —¢).

Proof. Define the transformation ¥, by

(3.6)

(3.7) Viip=p, ¢=0+H(p0,1),

with
t

(3.8) Hy = —p2mt2)8-1, / 91(60,5)ds € F((2m +2)3—1).
0

Then, under this transformation, the system (3.4) is transformed into

(3.9) p=crpPm RSN GT)CP M (@Ty) + pC e (¢, 1) + Ea(p, 6, 1),
6 = c2p®" D g(0) + mlp, 6, 1),
where

§1(0,1) = ha(o,1),
&a(p, ¢, 1) = c1p®m T[S OT) O (OT)) — SPHH(¢To) O (¢T)
+ pPm B0 (0,8) — ha(o,1)] + ha(p, 0, 1),
m(p, 6,t) = cap®™ 2PN g(0) — g(9)] + ga(p, 0, 1).
From (3.4) and (3.8), it follows that
Hy(p,—0,—t) = —Hi(p,0,1).

If p is sufficiently small, the transformation ¥y is invertible and the system (3.9) is
reversible with respect to G1: (p, ¢) — (p, —¢). O

Lemma 3.2. There is a transformation Ua: (p,d) — (u,d) such that the trans-

formed system of (3.5) is of the form
(3.10) fr=T1(p, ¢, t) = crpCm 2P S2HUGT )P (GT) + (1, 6, 1),
' & =Ta(p, 6,1) = cop®" 2 g() + o (1, 6, 1),

where
(3.11)
(1, ¢, t) = c1 8P FH(GTH) O (GTy) - (pPmHDP — pEmF2BY 4 ¢5(p, ¢, 1),

O'(,U,, (bv t) = CZg(¢) : (p(2m+2)ﬁ—1 - M(2m+2)ﬁ_l) +m (p7 (bv t)u

with p = p(p, @,t). Moreover, the system (3.10) is reversible with respect to
GQ: (Ma¢) = (M? _(b)
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Proof. Similar to the proof of Lemma 3.1, we define the transformation ¥, by

(312) Wy M:p+H2(p7¢7t)7 ¢ =9,
with
t
(3.13) Hy = —p?m+2)8 . / €1(, s)ds € F((2m + 2)5).
0

Then, under this transformation, the system (3.5) is transformed into
(3.14) ft = e pEmFAB G (ST P (GTy) + C(, ¢, t),
' ¢ = cau®m 2 g(¢) + o (. 6, 1),

where
(s &y 1) = ea[pBmF2P — pCmE2P] 21 (GTy ) Ot (6T
+&2(p 9, 1) — &2(p, &, 1),
o1, ¢, 1) = ca[pPm DI — DTN () 4y (p, 0, 8) — n(p, &,1).
with p = p(u, ¢,t) by (3.12). From (3.5) and (3.8), it follows that
Hs(p, —¢, —t) = Ha(p, $,1).

If p is sufficiently small, the transformation U5 is invertible and the system (3.14)
is reversible with respect to Ga: (i, @) — (1, —¢). O

If p is sufficiently small, from (3.11) it follows that

C(, &) = o(ulm+2)7),
o(p, ¢,t) = o(um 21,
From the equality (m+1)S?"*2(t) + (n+1)C?™*2(t) = n+ 1, Vt € R, it follows

that 0 < S2"+2(¢Tp) < %ﬁl Hence, the function g(¢) is real analytic, 1-periodic

and changes the sign. In the consequence there exist ¢* € [0,1] and 0 < v < 1 such
that g(¢*) = 0 and

(3.16) q(¢) = —(2n + 2)Ty - SZ"(¢Tp)C?™ T (¢Tp) < 0
if |¢ — ¢*| <w. In fact, from the equation (2.1), we have

(3.15)

n+1 ) =
m+1 ’
C(0) =-C(To/2) =1, C(Tp/4) =C(3To/4) =0,

S(0) = S(Ty/2) = 0, S(To/4) = —S(3T0/4) = (

and
S(t) >0, 0<t<Tp/2 and S(t) <0, Tp/2<t< Ty,
Ct) >0, —-Tp/d<t<Tp/4 and C(t) <0, To/4<t<3Ty/4.
Hence, we can choose that ¢* € (0,1) and v > 0 such that g(¢*) = 0 and

74

{¢:|¢ — ¢*| < v} C (0,%). From the definitions of v and ¢*, it follows that

9(¢) >0,V € (¢" —v,¢") and g(¢) <0, V¢ € (¢*, 9" + v).

Let
(3.17) Ksgw = {(11,0) € RT x S': pu < 6o, |¢p — ¢*| < v}.
Then, if Jy is sufficiently small, on the set Ks, ,, we have

(318) Fl(:u? d)a t) > %Clu(2m+2)ﬁ > Oa
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and

Lo(p, ¢,t) >0, for0<p<dy, —v<o¢—o*<—3v,

Lo(p, ¢,t) <0, for0<pu<dy, 2v<¢—¢* <w.

Lemma 3.3. Suppose (u(t, o, do), d(t, po, Po)) is the solution of (3.10) with the

initial condition: (p(0, po, ¢o), ¢(0, o, d0)) = (ko, o) € Ksy,v- Then there is T > 0
such that

(3.19)

(ILL(T7 Ho, ¢0)a d)(Ta 1o, ¢0)) S alc(;oﬂ)'
Proof. By contradiction, we assume

(320) (,U(t, Hos ¢0)7 ¢(t7 Hos ¢0)) S IC50,'U for all ¢ > 0.
From (3.18) we have pu(t, o, o) > o for ¢ > 0 and

t
do > p(t, po, o) = to +/o T1(p(s, o, ¢0), ¢(s, o, ¢o), s)ds

> o+t %Clﬂgmﬂ)ﬂ — 00,

as t — 4o00. We contradict (3.20). |
Lemma 3.4. There is t1 > 0 such that

u(t1, po, ¢o) = do
provided (1o, Po) € /C5 1

0,5
Proof. From Lemma 3.32, there is a constant 7 (uo, ¢o) > 0 such that
(3.21) (u(t, to, d0), B(t, ko, d0)) € Kso,o forall 0 <t <7,
and
(3.22) (1(T, o, ¢0), (T, o, do)) € sy,

Now, we show that
(T, pro, o) = do.
In fact, if not, from (3.21) and (3.22), it follows that
[6(T, o, do) — ¢*| = v,
and
w(t, po, o) < dg, forall0<t<7T.
Without loss of generality, we assume
(T, po; do) = ¢ +v.
Then, there is 7, 0 < 7 < 7 such that
&(7, o, do) = ¢* + 1o,
and
¢* + 3v < Bt po, o) < ¢* +v, forallT <t <T.
Hence, 4 (t, o, do)|e=r > 0. But, from (3.21), (3.22), (3.19) and the equation
(3.10), we have
“0(t, 10, 00)emr = T2l s 60), 6° + u,7) <0,

which yields a contradiction. O
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Now, we shall prove the statement of Proposition 3.1.

Proof of Proposition 3.1. From the above discussions, we obtain the transformation
X (w, @) = (z,y) given by

x:Cl(u,qﬁ,t), yZCQ(/LaQSat)'

Moreover, 0 < 22 +y? < 1 < 0 < u < 1. Under this transformation ¥, the system
(1.6) is transformed into (3.10).

We assume the equilibrium (0, 0) of (1.6) is stable in the Liapunov sense. That
is, for every neighbourhood U of the origin, one can find a smaller neighbourhood
V' of the origin, V C U, such that

(I(t, IOvyO)a y(t7$0790)) €U forallte R7
provided the initial point (xg,yo) € V. This statement is equivalent to the following

one:
For every € > 0, one can find a constant § > 0 such that, if 0 < pg < 9 < e,

w(t, po, o) <e forallt e R,

where (u(t, o, do), ¢(t, o, ¢o)) is the solution of (3.10) with the initial condition:
(ILL(O, Ko, ¢0)7 (b(ov 1o, QSO)) = (:U“()v ¢0)

Now, we choose ¢ = %50 > 0, 0o is given in the definition of s, ,. From
Lemma 3.4, it follows that if (uo, o) € Ky, 1, and 0 < po < 6, we can find a
constant 7 > 0 such that

v

/1‘(7_7 1o, (bo) = 60 >¢€
which yields a contradiction. This completes the proof of Proposition 3.1. O

Combining Propositions 2.1 and 3.1, we obtain the statement of the theorem in
the introduction.

Remarks. 1. Using the method of this paper, we can study the stability of the
trivial solution (z,y) = (0,0) of the following Hamiltonian system

_OH . 0H

=% 1=

with the Hamiltonian H = a(t)y?™*2 + b(t)x?"+2 + h(x,y,t). If h has the property
P(m,n) and fol a(t)dt - fol b(t)dt # 0, then the trivial solutions (x,y) = (0,0) is
stable in the Liapunov sense if and only if

/O a(t)dt /O byt > 0.

2. In this paper, we assume that m+n > 1in (1.6). If m = n = 0, it seems that
the method in the paper cannot be used to study the stability of the equilibrium
of (1.6). In this case, the stability of the equilibrium depends not only on the
properties of a(t),b(t), but the properties of fi, fo. We shall study it in a separate
paper.

3. The statements of our theorem are also valid for the following reversible
system:

(3.23) i

@ = wi (£)x?" T + a(t)y®”™ T + fi(2,y, ),

3.24
(3.:24) g = —b)x® Tt —wy ()™ + oz, y, ),
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where m,n € Zy,m +n > 1, a(t) and b(t) are continuous, even and 1-periodic
functions in the time variable ¢; w; (t) and w2 (t) are continuous, odd and 1-periodic
t; f1 and fo are real analytic in a neighbourhood of the origin (0, 0) of (x, y)-plane
and continuous 1-periodic in {. We also assume that the above system is reversible
with respect to the involution G: (x,y) — (—z,y). More precisely, we have

Theorem 2. Assume that fol a(t)dt - fol b(t)dt # 0 and f1, fo satisfy the property
P(m,n). Then the following statements are equivalent:

(1) The trivial solution (x,y) = (0,0) of the equation (3.24) is stable;
2) [ a(t)dt- [, b(t)dt > 0.

Moreover, if fol a(t)dt - fol b(t)dt > 0, there is at least two subharmonic solutions
of (3.24) with minimal period k for every sufficiently large k € N in a neighborhood
of the equilibrium of (3.24).

The proof of this theorem is similar to the proof of Theorem 1.
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APPENDIX

In this appendix, we give some definitions and a lemma which have been used
in this paper.

Definition A.1. Let f: R® xR — R" be periodic in the last variable. The system
& = f(x,t)
is called reversible if there is a mapping G: R™ — R" such that
G?=id, DGo f(Gz,—t) = —f(x,1).

Definition A.2. Assume that M is an invertible mapping of R™ and G is defined
in Definition A.1. The mapping M is called reversible with respect to G if the
equality
GoMoG=M""
holds.
From the above definitions, it follows that the Poincaré mapping of some re-
versible system is also reversible with respect to the same involution.

Now, we introduce the concept of G-invariant for the transformations of R™
which depend on time t.

Definition A.3. Assume that T'(z,t) is an invertible transformation of R™ for any
fixed ¢t and G is an involution of R™. T'(z,t) is called G-invariant if the equality

(A1) GoT(x,t) =T(G(x),—t)
holds.
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Denote T!(z,t) by the inverse of T, i.e.,
TN T (,8),t) = (TN, 1), t) = =.

If T is G-invariant, then so is T~ (z,t).
From the definition, we have

Lemma A.1. Consider a system in R™ x R is of the form
(A.2) &= f(x,1),

which is a reversible system with respect to G. Suppose T'(z,t): R® — R"™ is G-
invariant, then the transformed system of (A.2) under the transformation T is also
reversible with respect to G.

Proof. Tt is easy to see that the transformed system is of the form

(A.3) y=F(y1),

where

F(y.1) = S0 1), - ST, 0),0) + (07, 1),1)

From the equality (A.1), it follows that

DG(T(z,t)) - g—i(x,t) = g—z(G(gc)7 —t) - DG(x)
and
DG(T(x,t)) - %—f(x,t) = —aa—jl:(G(x), —t).
Hence,
or -1
DG(y) - F(y,t) = DG(y) - (T (y,1),8) - f(T™ (y,2), 1)
+DG() - ST (1)1
= TG (1), ~) DO 1)) F(T 1)1
oT

—_— — _1 J—
(G (1)), 1),
Because the system (A.2) is reversible and T—! is G-invariant, we have
DG(T_I(yv t)) : f(T_l(yu t)v t) = _f(G(T_l(yu t))? _t)
= _f(T_l(G(y)v _t)7 _t)7
which yields that
DG(y) - F(y,t) = —F(G(y), —1).

This means that the transformed system (A.2) is reversible with respect to G. O



THE STABILITY OF THE EQUILIBRIUM OF REVERSIBLE SYSTEMS 531

REFERENCES

[1] L. Cesari, Asymptotic Behavior and Stability Problems in Ordinary Differential Equations,
Springer-Verlag, New York, Berlin, 1971. MR 50:2582

[2] R. Dieckerhoff and E. Zehnder, Boundedness of solutions via the twist theorem, Ann. Scula.
Norm. Sup. Pisa Cl. Sci. (4) 14 (1987), 79—95. MR 89e:34066

[3] B. Liu, The stability of the equilibrium of a conservative system, J. Math. Anal. Appl. 202
(1996), 133-149. MR 97e:34094

[4] W. Magnus and S. Winkler, Hill’s Equation, Dover, New York, 1979. MR 80k:34001

[5] J. Moser, On invariant curves of area-preserving mappings of annulus, Nachr. Akad. Wiss.
Gottingen Math.-Phys. KI. 1962, 1-20. MR 26:5255

, Stable and Random Motions in Dynamical Systems, Princeton Univ. Press, Princeton,
N.J., 1973. MR 56:1355

[7] R. Ortega, The stability of the equilibrium of a nonlinear Hill’s equation, SIAM J. Math. Anal.
25 (1994), 1393-1401. MR 95g:34071

[8] M. Sevryuk, Reversible Systems, Springer-Verlag, New York, Berlin, 1986. MR 88b:58058

[9] L. Siegel and J. Moser, Lectures on Celestial Mechanics, Springer-Verlag, New York, Berlin,
1971. MR 58:19464

[6]

DEPARTMENT OF MATHEMATICS, PEKING UNIVERSITY, BEIJING 100871, CHINA
E-mail address: bliu@pku.edu.cn



