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THE STABILITY OF THE EQUILIBRIUM
OF REVERSIBLE SYSTEMS

BIN LIU

Abstract. In this paper, we consider the system

ẋ = a(t)y2m+1 + f1(x, y, t), ẏ = −b(t)x2n+1 + f2(x, y, t),

where m, n ∈ Z+, m+n ≥ 1, a(t) and b(t) are continuous, even and 1-periodic
in the time variable t; f1 and f2 are real analytic in a neighbourhood of the
origin (0, 0) of (x, y)-plane and continuous 1-periodic in t. We also assume
that the above system is reversible with respect to the involution G : (x, y) 7→
(−x, y). A sufficient and necessary condition for the stability in the Liapunov
sense of the equilibrium (x, y) = (0, 0) is given.

1. Introduction

In this paper, we are concerned with the stability in the Liapunov sense of the
equilibrium (x, y) = (0, 0) for the system

ẋ = F1(x, y, t), ẏ = F2(x, y, t)(1.1)

where F1 and F2 are continuous and 1-periodic functions in the time t and F1(0, 0, t)
= F2(0, 0, t) = 0. Since Liapunov’s times, many authors have studied this problem.

The linearization of (1.1) around the origin is of the form

ẋ = a11(t)x+ a12(t)y, ẏ = b11(t)x+ b12(t)y.(1.2)

If the system (1.2) can be written into the form

ż = JA(t)z,(1.3)

where z = col.(x, y) and J = ( 0 −1
1 0 ) is the standard symplectic matrix, i.e., (1.2)

is a linear Hamiltonian system. Then, it is well known that the stability of the
equilibrium (0, 0) of (1.2) is closely related to the position in the plane of the
Floquet multipliers λ1, λ2. When λj ∈ S1, λj 6= ±1, i.e., in the elliptic case, the
equilibrium is strongly stable in the sense of Krein; when λj 6∈ S1, that is, in the
hyperbolic case, it is unstable. Some criteria for stability can be found in [1] and
[4]. For example, when A(t) = ( 0 c(t)

−1 0 ), that is, the system (1.2) is the classical
Hill’s equation, the equilibrium is stable under the following condition:

min
t
c(t) > 0,

∫ 1

0

c(t)dt < 4.
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In 1994, the stability of the equilibrium of the nonlinear equation

ẍ+ c(t)x+ a(t)x2n+1 + · · · = 0,(1.4)

was studied by R. Ortega in [7]. Using the Moser twist theorem, he proved that
the trivial solution x = 0 is stable if

(i) the equilibrium of the equation (1.2) is stable;
(ii) a(t) > 0 or a(t) < 0.
Recently, in [3] we obtained a sufficient and necessary condition for the following

equation:

ẍ+ a(t)x2n+1 + e(t, x) = 0, n ≥ 1,(1.5)

where a(t), e(t, x) are continuous and 1-periodic functions in t, e(t, x) is smooth in
x and |e(t, x)| = O(|x|2n+2) in a neighborhood of x = 0. The result is:

If
∫ 1

0 a(t)dt 6= 0, then the trivial solution x = 0 of the equation (1.5) is stable if
and only if

∫ 1

0
a(t)dt > 0.

Remark. In contrast to Ortega’s result, in [3] we do not need the stability of the
trivial solution of the corresponding linearization of the equation (1.5). In fact,
the corresponding linearization equation of (1.5) is ẍ = 0. Obviously, its trivial
solution x = 0 is unstable.

In this paper, we are concerned with the stability in the Liapunov sense of the
trivial solution (x, y) = (0, 0) of the differential equations

ẋ = a(t)y2m+1 + f1(x, y, t),

ẏ = −b(t)x2n+1 + f2(x, y, t),
(1.6)

where m, n ∈ Z+,m + n ≥ 1, a(t) and b(t) are continuous, even and 1-periodic
functions in the time variable t; f1 and f2 are real analytic in a neighbourhood of
the origin (0, 0) of (x, y)-plane and continuous 1-periodic in t. We also assume that
the above system is reversible with respect to the involution G : (x, y) 7→ (−x, y).
The definition of reversible systems can be found in the appendix.

From the fact that the system of (1.6) is reversible with respect to G, it follows
that

f1(−x, y,−t) = f1(x, y, t),

f2(−x, y,−t) = −f2(x, y, t).
(1.7)

Assume that g(x, y, t) is a real analytic function in a neighbourhood of the origin
(0, 0) of (x, y)-plane, that is, its Taylor series

g(x, y, t) =
∑

i≥k,j≥l

gij(t)xiyj, k, l ∈ Z+,(1.8)

converges in this neighbourhood.

Definition. Assume g is a real analytic in a neighbourhood of the origin (0, 0) of
(x, y)-plane and its Taylor series is given in (1.8). We say the function g satisfies
the property P(m,n) if the following inequality

k(m+ 1) + l(n+ 1) > max{(2n+ 1)(m+ 1), (2m+ 1)(n+ 1)}
holds.

Remark. If m = n = 0 and the function g(x, y) satisfies the property P(0, 0), then
g = O(x2 + y2).



THE STABILITY OF THE EQUILIBRIUM OF REVERSIBLE SYSTEMS 517

In this paper, we will prove the following theorem.

Theorem 1. Assume that
∫ 1

0
a(t)dt ·

∫ 1

0
b(t)dt 6= 0 and f1, f2 satisfy the property

P(m,n). Then the following statements are equivalent :
(1) The trivial solution (x, y) = (0, 0) of the equation (1.6) is stable;
(2)

∫ 1

0 a(t)dt ·
∫ 1

0 b(t)dt > 0.
Moreover, if

∫ 1

0
a(t)dt ·

∫ 1

0
b(t)dt > 0 there is at least two subharmonic solutions

of (1.6) with minimal period k for every sufficiently large k ∈ N in a neighborhood
of the equilibrium of (1.6).

Remark. If m = 1, n = 0, then the linearized equation of (1.6) is of the form

ẋ = 0, ẏ = −b(t)x.
The equilibrium (x, y) = (0, 0) of this system is unstable. From our results, the
trivial solution of the whole system (1.6) is stable if

∫ 1

0 a(t)dt ·
∫ 1

0 b(t)dt > 0.
The rest of this paper is organized in the following way. In §2 we introduce

the action-angle variables and prove the stability of the trivial solution (x, y) =
(0, 0) of the equation (1.6) when

∫ 1

0 a(t)dt ·
∫ 1

0 b(t)dt > 0. In §3, we prove that if∫ 1

0
a(t)dt ·

∫ 1

0
b(t)dt < 0, then the trivial solution (x, y) = (0, 0) of (1.6) is unstable.

Some definitions and properties for reversible systems are listed in the appendix.
In what follows, to say that a solution of a differential equation or a fixed point of

a homeomorphism is stable in the sense of Liapunov will mean that it is Liapunov
stable in the future and also in the past. If it is not stable it will be called unstable.

2. Action-angle variables and the proof of the stability

In this section, based on the theory of stability of fixed points of mappings in
the plane, we prove that, under the condition∫ 1

0

a(t)dt ·
∫ 1

0

b(t)dt > 0,

in every small neighborhood of the trivial solution (x(t), y(t)) = (0, 0), there are
invariant curves of Poincaré mapping of (1.6). These curves are around the origin
(0, 0) in the (x, y)-plane which yield the stability of the trivial solution (x, y) =
(0, 0).

Without loss of generality, we assume that∫ 1

0

a(t)dt > 0,
∫ 1

0

b(t)dt > 0.

Let c1 =
∫ 1

0
a(t)dt > 0, c2 =

∫ 1

0
b(t)dt > 0. Then

a(t) = c1 + a1(t), b(t) = c2 + b1(t)

and ∫ 1

0

a1(t)dt = 0,
∫ 1

0

b1(t)dt = 0.

Moreover, a1(t) and b1(t) are even in t.
Furthermore, we assume that c1 = c2 = 1. Hence,

a(t) = 1 + a1(t), b(t) = 1 + b1(t).
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Remark. If c1 < 0 and c2 < 0, then, let τ = −t, we obtain that
dx

dτ
= â(τ)y2m+1 + g1(x, y, τ),

dy

dτ
= −b̂(τ)x2n+1 + g2(x, y, τ),

where (â(τ), b̂(τ)) = −(a(−t), b(−t)). This system is also reversible with respect to
G : (x, y) 7→ (−x, y) and ∫ 1

0

â(τ)dτ > 0,
∫ 1

0

b̂(τ)dτ > 0.

If (c1, c2) 6= (1, 1), we can introduce the variables (u, v) by

u = γ1x, v = γ2y.

Choose the positive constants γ1, γ2 such that

γ2m+1
2

γ1
· c1 =

γ2n+1
1

γ2
· c2 = 1.

Under this transformation, the system (1.6) is transformed into the form

u̇ = c(t)v2m+1 + p(u, v, t), v̇ = −d(t)u2n+1 + q(u, v, t).

where
∫ 1

0
c(t)dt =

∫ 1

0
d(t)dt = 1.

Now, we consider the auxiliary system

ẋ = y2m+1, ẏ = −x2n+1.(2.1)

The system (2.1) is a Hamiltonian system

ẋ =
∂h

∂y
, ẏ = −∂h

∂x
,(2.2)

with the Hamiltonian

h(x, y) =
1

2m+ 2
· y2m+2 +

1
2n+ 2

· x2n+2.(2.3)

Clearly, h > 0 on R2 except at the only equilibrium (x, y) = (0, 0) where h = 0.
Let (S(t), C(t)) be the solution of the system (2.1) satisfying the initial condition:

(S(0), C(0)) = (0, 1). This solution is a periodic solution. Let T0 be its minimal
period. We have

0 < T0 = 4
∫ 1

0

1

[ n+1
m+1 (1− s2m+2)]

2n+1
2n+2

ds < +∞

and the analytic functions S(t) and C(t) satisfy
(i) (S(−t), C(−t)) = (−S(t), C(t)) and (S(t+ T0), C(t+ T0)) = (S(t), C(t)).
(ii) 1

2n+2S
2n+2(t) + 1

2m+2C
2m+2(t) = 1

2m+2 , ∀t ∈ R.

(iii) d
dtS = C2m+1, d

dtC = −S2n+1.
Suppose that (u(t), v(t)) is a solution of (2.1) with the initial condition:

(u(0), v(0)) = (0, γ).

Then, we have

u(t) = γ
m+1
n+1 S(γκt),

v(t) = γC(γκt),
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where κ = 2mn+m+n
n+1 > 0. Hence, all the solutions of (2.1) are periodic, and the

periods tending to zero as h = h0 = 1
2m+2 · γ2m+2 tends to infinity.

In the following, we introduce an action-angle variable (ρ, θ). Define a transfor-
mation Φ: R+ × S1 → R2, (ρ, θ) 7→ (x, y):

Φ: x = dα
1 ρ

αS(θT0), y = dβ
1ρ

βC(θT0),(2.4)

where α = m+1
m+n+2 , β = 1 − α = n+1

m+n+2 and d1 = m+n+2
(n+1)T0

. Hence, we have
(n+ 1)α = (m+ 1)β.

One can easily verify that the transformation Φ is a symplectic mapping. In
fact, ∣∣∣∣∂(x, y)

∂(ρ, θ)

∣∣∣∣ = |αT0d
α+β
1 ρα+β−1 · S2n+2(θT0) + βT0d

α+β
1 ρα+β−1C2m+2(θT0)|

=
1

m+ n+ 2
· |T0d1 · ((n+ 1)C2m+2(θT0) + (m+ 1)S2n+2(θT0))|

= 1.

Under this transformation, the system (2.1) is transformed into the simpler form

ρ̇ = −∂h0

∂θ
= 0, θ̇ =

∂h0

∂ρ
= c · ρ2(m+1)β−1,

where h0(ρ, θ, t) = c
(2m+2)β · ρ2(m+1)β and c = d

2(m+1)β
1 · β.

The system (1.6) is transformed into the form

ρ̇ = h1(ρ, θ, t) + h2(ρ, θ, t),

θ̇ = c · ρ(2m+2)β−1 + g1(ρ, θ, t) + g2(ρ, θ, t),
(2.5)

where

h1(ρ, θ, t) = T0d
(2m+2)β
1 ρ(2m+2)β [a(t)S2n+1C2m+1 − b(t)S2n+1C2m+1],

h2(ρ, θ, t) = T0d
β
1ρ

βS2n+1f1 + T0d
α
1 ρ

αC2m+1f2,

g1(ρ, θ, t) = d
(2m+2)β
1 ρ(2m+2)β−1(αa1(t)S2n+2(θT0) + βb1(t)C2m+2(θT0)),

g2(ρ, θ, t) = −αdα
1 ρ

α−1S(θT0)f2 + βdβ
1ρ

β−1C(θT0)f1.

(2.6)

with fi = fi(dα
1 ρ

αS(θT0), d
β
1ρ

βC(θT0), t), i = 1, 2.
From the equality (1.7) and the properties of the functions S and C, it follows

that
h1(ρ,−θ,−t) = −h1(ρ, θ, t),

h2(ρ,−θ,−t) = −h2(ρ, θ, t),

g1(ρ,−θ,−t) = g1(ρ, θ, t),

g2(ρ,−θ,−t) = g2(ρ, θ, t).

(2.7)

Hence, the transformed system (2.5) is also reversible with respect to the involution
G : (ρ, θ) 7→ (ρ,−θ).

Because
∫ 1

0
a1(t)dt =

∫ 1

0
b1(t)dt = 0, we have∫ 1

0

g1(ρ, θ, t)dt = 0.(2.8)

We introduce a space of functions, denoted by F(r), which behave for 0 < λ ≤ λ0,
with all their derivatives, like λrp(θ).
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Definition 2.1. For a given constant r ∈ R, f(λ, θ) ∈ F(r) if f ∈ C∞(R+ × S1)
and, for all nonnegative integers j and l, we have

sup
0<λ≤λj,l,θ∈S1

(λj−r |(Dj
λ)(Dl

θ)f(λ, θ)|) < +∞,

where λj,l is some positive constant.

We give some basic properties of the space F(r).

Lemma 2.1. The following conclusions hold:
(i) if r1 < r2, then F(r2) ⊂ F(r1);
(ii) if f ∈ F(r), then (Dj

λ)f ∈ F(r − j);
(iii) if f1 ∈ F(r1) and f2 ∈ F(r2), then f1 · f2 ∈ F(r1 + r2);
(iv) if f ∈ F(r) satisfying |f(λ, ·)| ≥ c0λ

r for 0 < λ ≤ λ0, then 1
r f ∈ F(−r).

Remark. The space F(r) defined here is similar to the space F(r) introduced by
R. Dieckerhoff and E. Zehnder in [2].

Proof. Proofs of (i), (ii) and (iii) are immediate from the definition.
We now show (iv). Because f ∈ F(r), so f ∈ C∞(R+ × S1). Let g = 1

f . Then
λr · |g| ≤ 1

c0
.

Inductively, assuming that the estimates

sup
λ≤λ0,θ∈S1

λj+r |Dj
λg| <∞, and j ≤ n− 1

hold, we will prove the estimate for j = n ≥ 1.
Since f · g = 1, then Dn

λ(f · g) = 0 for n ≥ 1; that is,

f ·Dn
λg +

∑
i+j=n,i≥1

ciD
i
λf ·D

j
λg = 0,

where ci are positive constants, i and j are nonnegative integers. It follows that

|f | · |Dn
λg| ≤ C

∑
i+j=n,i≥1

|Di
λf | · |D

j
λg|.

Then

λr · |Dn
λg| ≤

C

c0

∑
i+j=n,i≥1

|Di
λf | · |D

j
λg|.

Hence, we have

λn+r · |Dn
λg| ≤

C

c0

∑
i+j=n,i≥1

λi−r|Di
λf | · λj+r |Dj

λg|,

which together with the estimates λj+r · |Dj
λg| <∞ (for j ≤ n− 1) yields

λn+r · |Dn
λg| <∞,

i.e.,

sup
λ≤λ0,θ∈S1

λn+r|Dn
λg| <∞.

Hence, g ∈ F(−r).
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From the equalities in (2.6) and the assumptions of our theorem, it follows that

h1(ρ, θ, t) ∈ F((2m+ 2)β), g1(ρ, θ, t) ∈ F((2m+ 2)β − 1),(2.9)

and h2 = o(ρ(2m+2)β), g2 = o(ρ(2m+2)β−1).
Now, we define a transformation Ψ: (ρ, θ) 7→ (λ, φ) as follows

λ = ρ, φ = θ + f(ρ, θ, t),(2.10)

where the function f(ρ, θ, t) will be determined later. Under this transformation,
the system (2.5) is transformed into another reversible system with respect to
G1 : (λ, φ) 7→ (λ,−φ).

λ̇ = ĥ1(λ, φ, t),

φ̇ = c · λ(2m+2)β−1 + ĝ1(λ, φ, t),
(2.11)

where
ĥ1(λ, φ, t) = h1(ρ, θ, t) + h2(ρ, θ, t),

ĝ1(λ, φ, t) = g1(ρ, θ, t) + g2(ρ, θ, t) +
∂f

∂t

+
∂f

∂ρ
· (h1 + h2) +

∂f

∂θ
· (d · ρ(2m+2)/β−1 + g1 + g2).

(2.12)

Because
∫ 1

0
g1(ρ, θ, t)dt = 0, we can define the function f :

f(ρ, θ, t) = −
∫ t

0

g1(ρ, θ, s)ds ∈ F((2m+ 2)β − 1).

From (2.7), we have

f(ρ,−θ,−t) = −f(ρ, θ, t).

Because (2m + 2)β − 1 = 2mn+m+n
m+n+2 ≥ 1

3 , the transformation Ψ has an inverse
Φ: (λ, φ) 7→ (λ,−φ). Φ exists if λ > 0 small. Moreover, the transformation Φ can
be written into the form

Φ: ρ = λ, θ = φ+ r(λ, φ, t)

where r = O(|λ|(2m+2)β−1). This transformation is a diffeomorphism on the cylin-
der

Aλ0 = {(λ, φ)|λ ≥ λ0 > 0, λ small, φ ∈ S1},
and a homeomorphism on {(λ, φ)|λ ≥ 0, λ small, φ ∈ S1}.

Now, we prove that

r(λ,−φ,−t) = −r(λ, φ, t).
In fact, from the equality Φ ◦Ψ = Ψ ◦ Φ = id, it follows that

r(λ, φ, t) + f(λ, φ + r(λ, φ, t), t) = 0.

Hence,

|r(λ,−φ,−t) + r(λ, φ, t)| = |f(λ,−φ+ r(λ,−φ,−t),−t) + f(λ, φ+ r(λ, φ, t), t)|
= |f(λ, φ − r(λ,−φ,−t), t)− f(λ, φ + r(λ, φ, t), t)|

≤ sup
∣∣∣∣∂f∂θ

∣∣∣∣ · |(r(λ,−φ,−t) + r(λ, φ, t)|.
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From f ∈ F((2m+ 2)β − 1), it follows that

r(λ,−φ,−t) = −r(λ, φ, t),
provided that λ is sufficiently small.

By Lemma A.1, the system (2.11) is reversible with respect to G1.
Let ξ = c · λ(2m+2)β−1, η = φ. Then, (2.11) is transformed into

ξ̇ = H1(ξ, η, t), η̇ = ξ +H2(ξ, η, t),(2.13)

where H1(ξ, η, t) = o(ξ2) and H2(ξ, η, t) = o(ξ). This system is also reversible to
G2 : (ξ, η) 7→ (ξ,−η).

One verifies easily that the solutions of (2.13) do exist for 0 ≤ t ≤ 2 if the initial
value λ(0) = λ is sufficiently small.

We are now in a position to prove the stability of the equilibrium (x, y) = (0, 0)
of (1.6).

Proposition 2.1. Suppose that
∫ 1

0 a(t)dt ·
∫ 1

0 b(t)dt > 0. Then, the trivial solution
(x, y) = (0, 0) of (1.6) is stable in the sense of Liapunov. Moreover, there is at least
two subharmonic solutions of (1.6) with minimal period k for every sufficiently large
k ∈ N in a neighborhood of the equilibrium of (1.6).

In order to prove this proposition. The following celebrated Moser’s twist theo-
rem for reversible mappings is to be used.

Lemma 2.2 (Invariant curves of reversible mappings). Consider a mapping

Mε :
r1 = r + εσf(r, θ, ε),

θ1 = θ + εργ(r) + εσg(r, θ, ε),
(2.14)

where 0 ≤ ρ < σ, 0 ≤ θ ≤ 1, 1 ≤ r ≤ 2. Suppose that Mε is reversible with respect
to Λ: (r, θ) 7→ (r,−θ) and γ′(r) 6= 0. The functions f and g are assumed to be
sufficiently often differentiable and 1-periodic in θ. Then, for sufficiently small ε
there exists an invariant curve Γ surrounding r = 1. More precisely, given any
number ω ∈ (α+ εργ(1), α+ εργ(2)) satisfying the inequalities∣∣∣∣ω − p

q

∣∣∣∣ ≥ cερ|q|− 5
2

for all integers p and q 6= 0, there exists a differentiable closed curve Γ

r = F (φ, ε), θ = φ+G(φ, ε)

with F and G of period 1 in φ, which is invariant under the mapping Mε and Λ
provided ε is sufficiently small. The image point of a point on Γ is obtained by
replacing φ by φ+ ω.

The proof of this lemma can be found in [6] and [8].

Proof of Proposition 2.1. First, we show that the trivial solution (x, y) = (0, 0) of
(1.6) is stable.

From a classical result in the theory of fixed point of mappings in the plane, in
order to prove the trivial solution (x, y) = (0, 0) is stable, it is enough to prove that
there are invariant curves of the Poincaré mapping of the equation (1.6) in every
small neighborhood of the solution (x, y) = (0, 0). This is equivalent to prove that
there exist invariant curves of the Poincaré mapping of (2.11) for ξ � 1.
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From the equation (2.11), one verifies easily that the solutions do exist for 0 ≤
t ≤ 2, if the initial value λ(0) = λ is sufficiently small. Moreover, we can prove that
the Poincaré mapping Π of (2.11) is of the form

Π:
λ1 = λ+ o(|λ|(2m+2)β),

φ1 = φ+ c · λ(2m+2)β−1 + o(|λ|(2m+2)β).
(2.15)

Replacing λ by εr (1 ≤ r ≤ 2), the Poincaré mapping Π is replaced by

M :
r1 = r + o(ε(2m+2)β−1),

φ1 = φ+ ε(2m+2)β−1 · c · r(2m+2)β−1 + o(ε(2m+2)β−1).
(2.16)

Because the equation (1.6) is reversible and the transformations Φ and Ψ are in-
variant, the Poincaré mapping Π is reversible. From Lemma 2.2, it follows that
there is an invariant curve Γε, under the mapping M , surrounding r = 1 if ε is
sufficiently small. This means that the Poincaré mapping Π of the system (2.11)
has an invariant curve Γ̃ε surrounding λ = ε and in the annulus ε < λ < 2ε, which
implies the stability of the trivial solution (x, y) = (0, 0) of the equation (1.6).

We next prove the existence of subharmonic solutions.
Consider the annulus A bounded by two invariant curves of Π with rotation

numbers ω1 < ω2. We map this annulus A onto another annulus

A0 = {(ξ, η)|0 ≤ η ≤ 1, ξmod1}.

If Ψj are the embeddings of the invariant curves having rotation numbers ωj, we
define the map χ : A0 → A by

χ : (r, θ) 7→ (ηψ1(ξ) + (1 − η)ψ2(ξ), ξ).

From Lemma 2.2, the embeddings ψj are differentiably close to the injections of
the circles ωj = const., it follows that χ is a diffeomorphism. The induced map
J := χ−1 ◦Π ◦ χ, expressed by

J : ξ1 = f(ξ, η), η1 = g(ξ, η),

satisfies f(ξ + 1, η) = f(ξ, η) and g(ξ + 1, η) = g(ξ, η). It leaves the boundaries
η = 0 and η = 1 invariant and

f(ξ, 0) = ξ + ω2, f(ξ, 1) = ξ + ω1.

Define the map τ : A0 → A0 by τ(ξ, η) = (ξ + 1, η). To find periodic points of
minimal period q of J , for sufficiently large q, we let q0 = 1

(ω2−ω1)2
. For q ≥ q0,

choose an integer p ∈ (qω1, qω2) such that p and q are relatively prime. The
mapping Jq := τ−p ◦ Jq on A0, expressed by

Jq : ξ1 = fq(ξ, η), η1 = gq(ξ, η),

satisfies

fq(ξ, 1)− ξ = −p+ qω1 < 0 < −p+ qω2 = fq(ξ, 0)− ξ.

From Theorem 5.1 in [8], we conclude that Jq possesses at least two fixed points
in A0. Every such point corresponds to a periodic point of J , hence of Π, with
minimal period q. The proof of this proposition is complete.
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3. The instability of the equilibrium of (1.6)

In this section, we prove that if
∫ 1

0 a(t)dt
∫ 1

0 b(t)dt < 0, then the trivial solution
(x, y) = (0, 0) of (1.6) is unstable. Similar to the discussions in the above section,
without loss of generality, we assume that

a(t) = 1 + a1(t), b(t) = −1 + b1(t),

where
∫ 1

0
a1(t)dt =

∫ 1

0
b1(t)dt = 0. The equation (1.6) can be written into the

following reversible system:

ẋ = y2m+1 + a1(t)y2m+1 + f1(x, y, t),

ẏ = x2n+1 − b1(t)x2n+1 + f2(x, y, t),
(3.1)

where m,n ∈ Z+, m+ n ≥ 1.
We shall prove the following proposition.

Proposition 3.1. Suppose that

a(t) = 1 + a1(t), b(t) = −1 + b1(t),

where
∫ 1

0 a1(t)dt =
∫ 1

0 b1(t)dt = 0 and a1(t), b1(t) are even in t. Then the equilib-
rium point (0, 0) of (1.6) is unstable.

In order to prove this proposition, we first define a transformation Φ: R+×S1 →
R2, (ρ, θ) 7→ (x, y):

Φ: x = dα
1 ρ

αS(θT0), y = dβ
1ρ

βC(θT0),(3.2)

where the constants α, β, d1, T0 and functions S,C are defined in §2.
Under the transformation Φ, the system (3.1) is transformed into the form

ρ̇ = c1ρ
(2m+2)βS2n+1(θT0)C2m+1(θT0) + ρ(2m+2)βh1(θ, t) + h2(ρ, θ, t),

θ̇ = c2ρ
(2m+2)β−1g(θ) + ρ(2m+2)β−1g1(θ, t) + g2(ρ, θ, t),

(3.3)

where

h1(θ, t) = c3S
2n+1(θT0)C2m+1(θT0)(a1(t)− b1(t)),

h2(ρ, θ, t) = c4ρ
βS2n+1(θT0)f1 + c5ρ

αC2m+1(θT0)f2,

g(θ) =
n+ 1

2(m+ 1)
− S2n+2(θT0),

g1(θ, t) = c6S
2n+2(θT0)b1(t) + c7C

2m+2(θT0)a1(t),

g2(ρ, θ, t) = c8ρ
β−1C(θT0)f1 + c9ρ

α−1S(θT0)f2,

(3.4)

with fi = fi(dα
1 ρ

αS(θT0), d
β
1ρ

βC(θT0), t), i = 1, 2; c1, c2, . . . , c9 are constants and
c1, c2 > 0.

The system (3.3) is reversible with respect to G : (ρ, θ) 7→ (ρ,−θ).

Lemma 3.1. There is a transformation Ψ1 : (ρ, θ) 7→ (ρ, φ). Under this transfor-
mation, the system (3.3) is transformed into the form

ρ̇ = c1ρ
(2m+2)βS2n+1(φT0)C2m+1(φT0) + ρ(2m+2)βξ1(φ, t) + ξ2(ρ, φ, t),

θ̇ = c2ρ
(2m+2)β−1g(φ) + η1(ρ, φ, t),

(3.5)
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where
ξ1(φ, t) = h1(φ, t),

ξ2(ρ, φ, t) = c1ρ
(2m+2)β [S2n+1(θT0)C2m+1(θT0)− S2n+1(φT0)C2m+1(φT0)]

+ ρ(2m+2)β[h1(θ, t) − h1(φ, t)] + h2(ρ, θ, t),

η1(ρ, φ, t) = c2ρ
(2m+2)β−1[g(θ)− g(φ)] + g2(ρ, θ, t),

(3.6)

with θ = θ(ρ, φ, t). Moreover, the transformed system (3.5) is also reversible with
respect to G1 : (ρ, φ) 7→ (ρ,−φ).

Proof. Define the transformation Ψ1 by

Ψ1 : ρ = ρ, φ = θ +H1(ρ, θ, t),(3.7)

with

H1 = −ρ(2m+2)β−1 ·
∫ t

0

g1(θ, s)ds ∈ F((2m+ 2)β − 1).(3.8)

Then, under this transformation, the system (3.4) is transformed into

ρ̇ = c1ρ
(2m+2)βS2n+1(φT0)C2m+1(φT0) + ρ(2m+2)βξ1(φ, t) + ξ2(ρ, φ, t),

θ̇ = c2ρ
(2m+2)β−1g(φ) + η1(ρ, φ, t),

(3.9)

where

ξ1(φ, t) = h1(φ, t),

ξ2(ρ, φ, t) = c1ρ
(2m+2)β [S2n+1(θT0)C2m+1(θT0)− S2n+1(φT0)C2m+1(φT0)]

+ ρ(2m+2)β[h1(θ, t) − h1(φ, t)] + h2(ρ, θ, t),

η1(ρ, φ, t) = c2ρ
(2m+2)β−1[g(θ)− g(φ)] + g2(ρ, θ, t).

From (3.4) and (3.8), it follows that

H1(ρ,−θ,−t) = −H1(ρ, θ, t).

If ρ is sufficiently small, the transformation Ψ1 is invertible and the system (3.9) is
reversible with respect to G1 : (ρ, φ) 7→ (ρ,−φ).

Lemma 3.2. There is a transformation Ψ2 : (ρ, φ) 7→ (µ, φ) such that the trans-
formed system of (3.5) is of the form

µ̇ = Γ1(µ, φ, t) = c1µ
(2m+2)βS2n+1(φT0)C2m+1(φT0) + ζ(µ, φ, t),

φ̇ = Γ2(µ, φ, t) = c2µ
(2m+2)β−1g(φ) + σ(µ, φ, t),

(3.10)

where

ζ(µ, φ, t) = c1S
2n+1(φT0)C2m+1(φT0) · (ρ(2m+2)β − µ(2m+2)β) + ξ2(ρ, φ, t),

σ(µ, φ, t) = c2g(φ) · (ρ(2m+2)β−1 − µ(2m+2)β−1) + η1(ρ, φ, t),

(3.11)

with ρ = ρ(µ, φ, t). Moreover, the system (3.10) is reversible with respect to
G2 : (µ, φ) 7→ (µ,−φ).
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Proof. Similar to the proof of Lemma 3.1, we define the transformation Ψ2 by

Ψ2 : µ = ρ+H2(ρ, φ, t), φ = φ,(3.12)

with

H2 = −ρ(2m+2)β ·
∫ t

0

ξ1(φ, s)ds ∈ F((2m+ 2)β).(3.13)

Then, under this transformation, the system (3.5) is transformed into

µ̇ = c1µ
(2m+2)βS2n+1(φT0)C2m+1(φT0) + ζ(µ, φ, t),

φ̇ = c2µ
(2m+2)β−1g(φ) + σ(µ, φ, t),

(3.14)

where
ζ(µ, φ, t) = c1[ρ(2m+2)β − µ(2m+2)β]S2n−1(φT0)C2m+1(φT0)

+ ξ2(ρ, φ, t)− ξ2(µ, φ, t),

σ(µ, φ, t) = c2[ρ(2m+2)β−1 − µ(2m+2)β−1]g(φ) + η1(ρ, θ, t)− η(µ, φ, t).

with ρ = ρ(µ, φ, t) by (3.12). From (3.5) and (3.8), it follows that

H2(ρ,−φ,−t) = H2(ρ, φ, t).

If ρ is sufficiently small, the transformation Ψ2 is invertible and the system (3.14)
is reversible with respect to G2 : (µ, φ) 7→ (µ,−φ).

If µ is sufficiently small, from (3.11) it follows that

ζ(µ, φ, t) = o(µ(2m+2)β),

σ(µ, φ, t) = o(µ(2m+2)β−1).
(3.15)

From the equality (m+1)S2n+2(t)+ (n+1)C2m+2(t) = n+1, ∀t ∈ R, it follows
that 0 ≤ S2n+2(φT0) ≤ n+1

m+1 . Hence, the function g(φ) is real analytic, 1-periodic
and changes the sign. In the consequence there exist φ∗ ∈ [0, 1] and 0 < v < 1 such
that g(φ∗) = 0 and

g′(φ) = −(2n+ 2)T0 · S2n+1(φT0)C2m+1(φT0) < 0(3.16)

if |φ− φ∗| ≤ v. In fact, from the equation (2.1), we have

S(0) = S(T0/2) = 0, S(T0/4) = −S(3T0/4) =
(
n+ 1
m+ 1

) 1
2n+2

,

C(0) = −C(T0/2) = 1, C(T0/4) = C(3T0/4) = 0,

and
S(t) > 0, 0 < t < T0/2 and S(t) < 0, T0/2 < t < T0,

C(t) > 0, −T0/4 < t < T0/4 and C(t) < 0, T0/4 < t < 3T0/4.

Hence, we can choose that φ∗ ∈ (0, 1
4 ) and v > 0 such that g(φ∗) = 0 and

{φ : |φ − φ∗| ≤ v} ⊂ (0, 1
4 ). From the definitions of v and φ∗, it follows that

g(φ) > 0, ∀φ ∈ (φ∗ − v, φ∗) and g(φ) < 0, ∀φ ∈ (φ∗, φ∗ + v).
Let

Kδ0,v = {(µ, φ) ∈ R+ × S1 : µ < δ0, |φ− φ∗| < v}.(3.17)

Then, if δ0 is sufficiently small, on the set Kδ0,v, we have

Γ1(µ, φ, t) ≥ 1
2c1µ

(2m+2)β > 0,(3.18)



THE STABILITY OF THE EQUILIBRIUM OF REVERSIBLE SYSTEMS 527

and
Γ2(µ, φ, t) > 0, for 0 < µ ≤ δ0, −v ≤ φ− φ∗ ≤ − 1

2v,

Γ2(µ, φ, t) < 0, for 0 < µ ≤ δ0,
1
2v ≤ φ− φ∗ ≤ v.

(3.19)

Lemma 3.3. Suppose (µ(t, µ0, φ0), φ(t, µ0, φ0)) is the solution of (3.10) with the
initial condition: (µ(0, µ0, φ0), φ(0, µ0, φ0)) = (µ0, φ0) ∈ Kδ0,v. Then there is T > 0
such that

(µ(T, µ0, φ0), φ(T, µ0, φ0)) ∈ ∂Kδ0,v.

Proof. By contradiction, we assume

(µ(t, µ0, φ0), φ(t, µ0, φ0)) ∈ Kδ0,v for all t ≥ 0.(3.20)

From (3.18) we have µ(t, µ0, φ0) ≥ µ0 for t > 0 and

δ0 ≥ µ(t, µ0, φ0) = µ0 +
∫ t

0

Γ1(µ(s, µ0, φ0), φ(s, µ0, φ0), s)ds

≥ µ0 + t · 1
2c1µ

(2m+2)β
0 → +∞,

as t→ +∞. We contradict (3.20).

Lemma 3.4. There is t1 > 0 such that

µ(t1, µ0, φ0) = δ0

provided (µ0, φ0) ∈ K
δ0,

1
2v

.

Proof. From Lemma 3.3, there is a constant T (µ0, φ0) > 0 such that

(µ(t, µ0, φ0), φ(t, µ0, φ0)) ∈ Kδ0,v for all 0 ≤ t < T ,(3.21)

and

(µ(T , µ0, φ0), φ(T , µ0, φ0)) ∈ ∂Kδ0,v.(3.22)

Now, we show that

µ(T , µ0, φ0) = δ0.

In fact, if not, from (3.21) and (3.22), it follows that

|φ(T , µ0, φ0)− φ∗| = v,

and

µ(t, µ0, φ0) < δ0, for all 0 ≤ t ≤ T .
Without loss of generality, we assume

φ(T , µ0, φ0) = φ∗ + v.

Then, there is τ , 0 < τ < T such that

φ(τ, µ0, φ0) = φ∗ + 1
2v,

and

φ∗ + 1
2v ≤ φ(t, µ0, φ0) < φ∗ + v, for all τ ≤ t ≤ T .

Hence, d
dtφ(t, µ0, φ0)|t=τ ≥ 0. But, from (3.21), (3.22), (3.19) and the equation

(3.10), we have
d

dt
φ(t, µ0, φ0)|t=τ = Γ2(µ(τ, µ0, φ0), φ∗ + 1

2v, τ) < 0,

which yields a contradiction.
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Now, we shall prove the statement of Proposition 3.1.

Proof of Proposition 3.1. From the above discussions, we obtain the transformation
Σ: (µ, φ) 7→ (x, y) given by

x = ζ1(µ, φ, t), y = ζ2(µ, φ, t).

Moreover, 0 < x2 + y2 � 1 ⇔ 0 < µ� 1. Under this transformation Σ, the system
(1.6) is transformed into (3.10).

We assume the equilibrium (0, 0) of (1.6) is stable in the Liapunov sense. That
is, for every neighbourhood U of the origin, one can find a smaller neighbourhood
V of the origin, V ⊂ U , such that

(x(t, x0, y0), y(t, x0, y0)) ∈ U for all t ∈ R,

provided the initial point (x0, y0) ∈ V . This statement is equivalent to the following
one:

For every ε > 0, one can find a constant δ > 0 such that, if 0 < µ0 < δ ≤ ε,

µ(t, µ0, φ0) < ε for all t ∈ R,

where (µ(t, µ0, φ0), φ(t, µ0, φ0)) is the solution of (3.10) with the initial condition:
(µ(0, µ0, φ0), φ(0, µ0, φ0)) = (µ0, φ0).

Now, we choose ε = 1
2δ0 > 0, δ0 is given in the definition of Kδ0,v. From

Lemma 3.4, it follows that if (µ0, φ0) ∈ Kδ0, 1
2 v and 0 < µ0 ≤ δ, we can find a

constant τ > 0 such that

µ(τ, µ0, φ0) = δ0 > ε

which yields a contradiction. This completes the proof of Proposition 3.1.

Combining Propositions 2.1 and 3.1, we obtain the statement of the theorem in
the introduction.

Remarks. 1. Using the method of this paper, we can study the stability of the
trivial solution (x, y) = (0, 0) of the following Hamiltonian system

ẋ =
∂H

∂y
, ẏ = −∂H

∂x
,(3.23)

with the Hamiltonian H = a(t)y2m+2 + b(t)x2n+2 +h(x, y, t). If h has the property
P(m,n) and

∫ 1

0
a(t)dt ·

∫ 1

0
b(t)dt 6= 0, then the trivial solutions (x, y) = (0, 0) is

stable in the Liapunov sense if and only if∫ 1

0

a(t)dt ·
∫ 1

0

b(t)dt > 0.

2. In this paper, we assume that m+n ≥ 1 in (1.6). If m = n = 0, it seems that
the method in the paper cannot be used to study the stability of the equilibrium
of (1.6). In this case, the stability of the equilibrium depends not only on the
properties of a(t), b(t), but the properties of f1, f2. We shall study it in a separate
paper.

3. The statements of our theorem are also valid for the following reversible
system:

ẋ = w1(t)x2n+1 + a(t)y2m+1 + f1(x, y, t),

ẏ = −b(t)x2n+1 − w2(t)y2m+1 + f2(x, y, t),
(3.24)
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where m,n ∈ Z+,m + n ≥ 1, a(t) and b(t) are continuous, even and 1-periodic
functions in the time variable t; w1(t) and w2(t) are continuous, odd and 1-periodic
t; f1 and f2 are real analytic in a neighbourhood of the origin (0, 0) of (x, y)-plane
and continuous 1-periodic in t. We also assume that the above system is reversible
with respect to the involution G : (x, y) 7→ (−x, y). More precisely, we have

Theorem 2. Assume that
∫ 1

0 a(t)dt ·
∫ 1

0 b(t)dt 6= 0 and f1, f2 satisfy the property
P(m,n). Then the following statements are equivalent :

(1) The trivial solution (x, y) = (0, 0) of the equation (3.24) is stable;
(2)

∫ 1

0
a(t)dt ·

∫ 1

0
b(t)dt > 0.

Moreover, if
∫ 1

0
a(t)dt ·

∫ 1

0
b(t)dt > 0, there is at least two subharmonic solutions

of (3.24) with minimal period k for every sufficiently large k ∈ N in a neighborhood
of the equilibrium of (3.24).

The proof of this theorem is similar to the proof of Theorem 1.
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Appendix

In this appendix, we give some definitions and a lemma which have been used
in this paper.

Definition A.1. Let f : Rn×R → Rn be periodic in the last variable. The system

ẋ = f(x, t)

is called reversible if there is a mapping G : Rn → Rn such that

G2 = id, DG ◦ f(Gx,−t) = −f(x, t).

Definition A.2. Assume that M is an invertible mapping of Rn and G is defined
in Definition A.1. The mapping M is called reversible with respect to G if the
equality

G ◦M ◦G = M−1

holds.

From the above definitions, it follows that the Poincaré mapping of some re-
versible system is also reversible with respect to the same involution.

Now, we introduce the concept of G-invariant for the transformations of Rn

which depend on time t.

Definition A.3. Assume that T (x, t) is an invertible transformation of Rn for any
fixed t and G is an involution of Rn. T (x, t) is called G-invariant if the equality

G ◦ T (x, t) = T (G(x),−t)(A.1)

holds.
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Denote T−1(x, t) by the inverse of T , i.e.,

T−1(T (x, t), t) = T (T−1(x, t), t) = x.

If T is G-invariant, then so is T−1(x, t).
From the definition, we have

Lemma A.1. Consider a system in Rn ×R is of the form

ẋ = f(x, t),(A.2)

which is a reversible system with respect to G. Suppose T (x, t) : Rn → Rn is G-
invariant, then the transformed system of (A.2) under the transformation T is also
reversible with respect to G.

Proof. It is easy to see that the transformed system is of the form

ẏ = F (y, t),(A.3)

where

F (y, t) =
∂T

∂x
(T−1(y, t), t) · f(T−1(y, t), t) +

∂T

∂t
(T−1(y, t), t).

From the equality (A.1), it follows that

DG(T (x, t)) · ∂T
∂x

(x, t) =
∂T

∂x
(G(x),−t) ·DG(x)

and

DG(T (x, t)) · ∂T
∂t

(x, t) = −∂T
∂t

(G(x),−t).

Hence,

DG(y) · F (y, t) = DG(y) · ∂T
∂x

(T−1(y, t), t) · f(T−1(y, t), t)

+DG(y) · ∂T
∂t

(T−1(y, t), t)

=
∂T

∂x
(G(T−1(y, t)),−t) ·DG(T−1(y, t)) · f(T−1(y, t), t)

− ∂T

∂t
(G(T−1(y, t)),−t).

Because the system (A.2) is reversible and T−1 is G-invariant, we have

DG(T−1(y, t)) · f(T−1(y, t), t) = −f(G(T−1(y, t)),−t)
= −f(T−1(G(y),−t),−t),

which yields that

DG(y) · F (y, t) = −F (G(y),−t).

This means that the transformed system (A.2) is reversible with respect to G.
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